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Abstract 



A unified view of general multimode oscillator algebras with Fock-like representa- 
tions is presented.lt extends a previous analysis of the single-mode oscillator alge- 
bras. The expansion of the Oja] operators is extended to include all normally ordered 
terms in creation and annihilation operators and we analyze their action on Fock- 
like states.We restrict ourselves to the algebras compatible with number operators. 
The connection between these algebras and generalized statistics is analyzed. We 
demonstrate our approach by considering the algebras obtainable from the gener- 
alized Jordan- Wigner transformation, the para-Bose and para- Fermi algebras, the 
Govorkov " paraquantization" algebra and generalized quon algebra. 
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1. Introduction 



Recently,much attention has been devoted to the study of quantum groups and 
algebras^, noncommutative spaces and geometries^, generahzed notions of symme- 
tries as well as to their diverse applications in physics^. These approaches are in 
close relationship with study of deformed oscillators, algebras and their Fock repre- 
sentations. Single-mode oscillator algebras were studied by a number of authors^. 
A unified view of single-mode oscillator algebras was proposed by Bonatsos and 
Daskaloyannis ^ and Meljanac et al.^. Multimode oscillator algebras are much more 
complicated and only partial results exist in the literature^. Particular ly,the R-matrix 
approach to multimode algebras was followed in Refs.(8).Some of multimode alge- 
bras, but not all, can be obtained from an ordinary Bose algebra with equal number 
of oscillators^. 

On the other hand, there is an old additional physical motivation to study multimode 
oscillator algebras, connected with the problem of generalized statistics, different from 
Bose and Fermi statistics^°.The first consistent example of it was para-Bose and 
para-Fermi statistics^^'^^ and, recently, a new paraquantization^^ satisfying trilinear 
commutation relations between annihilation and creation operators. These types of 
statistics are characterized by a discrete parameter called the order of parastatistics 
p G N, interpolating between Bose and Fermi statistics. 

Recently,a new interpolation, namely infinite quon statistics characterized by a con- 
tinuous parameter, has been proposed and analyzed Its multiparameter exten- 
sion was studied in Refs. (16). Parastatistics can be applied in spaces with an arbi- 
trary number of dimensions and those statistics with a continuous parameter could 
be relevant to lower dimensions. Specially,in the (2 -|- 1) dimensional space, another 
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type is also possible, the so-called anyonic (fractional) statistics ^^.It is character- 
ized by the continuous statistical parameter A. A different type of the fractional 
statistics,generalizing the Pauli exclusion principle,is also proposed^^. 

Our motivation of the present work is twofold: 

(i) to try to extend the quantization defined by Cja] — Rij^ki(^\ai — Sij,i,j e / to 
include all normally ordered terms in creation and annihilation operators; 

(ii) to connect these algebras with the notion of generalized statistics. 

In the physical world particles decay to other particles, interact and transform them- 
selves, and, as a consequence, the number operators in these processes are not con- 
served. They change respecting some selection rules, characteristic of the type of in- 
teraction. However,in order to measure different sorts of particles, we always assume 
that any sort of physical particles is countable.Thus ,the existence of the number 
operator is of utmost importance. Our aim is to define and describe the most 
general multimode oscillator algebras possessing Fock-like representations and com- 
patible number operators. Generally, one considers a given algebra and examines all 
its representations. Here we are going backwards,i.e. we start with the most gen- 
eral Fock-like space and look for the relations between annihilation and creation 
operators {ai,ai\i e /}, leading to the positive definite scalar product and to the 
non-negative norms of all Fock-hke states. 

The plan of the paper is as follows. In Sec. 2 we briefly review the main aspect of 
a single-mode oscillator algebra.We characterize the algebra by a set of quantities 
{ip{n)},{cn} and which are generalized to a set {$},{C} and {D} for multi- 
mode oscillator algebra with Fock-like representations in Sec. 3. We also discuss the 
connection with generalized statistics. In Sec. 4-7 we give some examples of our ap- 
proach to multimode algebras, i.e. we discuss algebras obtainable from generalized 
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Jordan- Wigner transformations (Sec. 4), para-algebras (Sec.5),new paraquantization 
of Govorkov (Sec. 6) and generalized quon algebra (Sec.7). 



2. Single- Mode Oscillator Algebra with Fock-like 
Representations 

In this section we briefly review single-mode oscillator algebras. For more details we 
refer to Ref.(6). 

Let us consider a pair of operators a, a (not necessarily Hermitian conjugate to each 
other) with the number operator N. The most general commutation relation linear 

in the aa and aa operators is 

aa- F{N)aa = G{N), (2.1) 

where F{N) and G{N) are arbitrary complex functions. The number operator 
satisfies 

[N, a] = —a, 

[N,a]^a, (2.2) 

[N, aa] = [N, aa] = 0. 

Hence, we can write 

aa — (fi{N), 

(2.3) 

aa = (p{N + 1), 

where (fi{N) is, in general, a complex function satisfying the recurrence relation 

ip{N + 1) - F{N)(p{N) = G{N). (2.4) 
If (f{N) is the bijective mapping, then 

N ^ ip-\aa) ^ ip-\aa) - 1. (2.5) 



(2.7) 



Let us denote the Hermitian conjugate of the operator a by . Then it follows 
that 

[N,a^ = a\ 

(2.6) 

a = c{N)a\ 

where c{N) is a complex function of N. It is convenient to choose c{N) to be a 
"phase" operator, \c{N)\ = 1. Then we have 

a^a=\ip{N)\, 
aat = \ip{N + l)\, 
aat - a^a = \(p{N + 1)| - |<^(A^)| = Gi{N), 

„(AT\ _ iarg(^(Ar) _ y(jV) 

c{^V - e - 1^(^)1 • 

If (p{N) > 0, then argip{N) = and c{N) = 1. 
Let us further assume that |0 > is a vacuum: 

a|0 >= 0, 

7V|0 >= 0, (^(0) = 0, (2.8) 
< 0|0 >= 1. 

One can always normalize the operators a and a such that |<^(1)| = 1; then 

|G(0)| = 1. The function (p{N) is determined by the recurrence relation (2.4) and 

is given by 

.(n)^lf(n-l)l!gjf^. (2.9) 

where 

[Fm^F{j)F{j-l)...F{l), 

(2.10) 

[F(0)]! = L 
The excited states with unit norms are 

(at)" ,^ (c-5a)" , 
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< n\m. >— Sjnn, n,m = 0,1,2...., 

, (2-11) 

< n — l\a\n >—< n\a}\n — 1 >= J\ip{n)\. 

The function |(^(n)| uniquely determines the type of deformed oscillator algebra 
and vice versa. If (/?! ^ (/?2 but |</7i| = |</72|, the corresponding algebras are isomorphic. 
There is a family of functions (F, G) leading to the same algebra, with identical 
functions (p{N). Therefore we can fix the "gauge", for example: 

(a) F(N)^1, aa-aa^Gi(N), 

(6) G{N) = 1, aa - Fi{N)aa = 1, (2.12) 
(c) F{N)^q, aa-qaa^Gq{N). 
Several examples are given in Ref.(6). 

The unitary irreducible representations of the single-mode oscillator algebra can be 
classified according to the existence (or nonexistence) of a vacuum state |0 > as 
Fock-like,non-Fock-like and degenerate. If (p{n) ^ for Vn e N, then there is an 
infinite set ("tower") of states and , owing to the well-defined mapping to the Bose 
algebra 

(-3) 

the Fock space of the deformed algebra is identical to the Fock space of the Bose 
oscillator. However, if (p{no) — for some no, then the state (a^)"'^|0 > has zero 
norm and, consistently, we can put |no >= 0. The corresponding representation 
is finite-dimensional and the representation matrices are of the no x no type (2.11) 
(degenerate representation). 

Now we present another approach to the single-mode oscillator algebras which 
will be generalized to the multimode case in the next section. 



6 



One can write Eq.(2.3) in an alternative form 

(^(AT + l) =aa = l + ^c„(a)" (a)" (2.14) 

n 

where the coefficients c„ are defined recursively by (f{n) as 



c„ = , Mn) ^ 0. (2.15) 

Knowing we can recursively obtain (p{n) 

Equivalently,one can write the expression for the number operator N,Eq.(2.5),as 

N^aa+Y^dnia^ia)'',, (2.17) 

n>2 

where 

> ^ - Efc=! 4 <^(n) ■ ■ ■ vp(n + 1 - /c) 

di = 1, V(^(n) 0. 

Note that (i„ = for ip{n) = 0,ip{n — 1) 7^ 0. Knowing dn, we can obtain (p{n) from 
the same recurrent relation (2.18). 

In a physical application it is important to know the vacuum matrix elements 

Am,n =< 0\{anar\0 >= b(n)]!5„„. (2.19) 

Hence,the sets of quantities {</?(n)},{c„} and {o?„} represent a unique description of a 
given (deformed) single-mode oscillator algebra. Together with the generalization of 
the matrix A, Eq. (2. 19), they will be particularly useful for the analysis of multimode 
(deformed) oscillator algebras. 



3. Multimode Oscillator Algebra with Fock-like 
Representations 



In this section we define and describe the most general multi-mode oscillator algebras 
possessing Fock-like representations. We start with the most general Fock-like space 
and look for the relations between annihilation and creation operators {ai,ai\i e 
/}, leading to the positive definite scalar product and to the non-negative norms 
of all Fock-like states (vectors). Furthermore, we restrict ourselves to the algebras 
possessing number operators for all Vi e /. 

Let us first construct the most general Fock-hke space. Let there be a vacuum state |0) 
and let us assume that there exist independent annihilation and creation operators 
{ai,ai\i e /}, satisfying the vacuum condition 

ai|0) = 0, Vie/. (3.1) 

The set {/} can be finite or infinite,discrete or continuous and with some (partial) 
ordering.lt may have some additional mathematical and physical structure. 
Now,wc build a Fock-like space starting from the vacuum state |0). The space 
T^o — {'^|0)|A e C} is one-dimensional. We assume that the states |0) and aj|0) are 
linearly independent states and they span the linear space Hi — {J2i\o,i\0)\i e /} 
and dim 7ii = Similarly,the states aj^aj^ |0) span the linear space 

^2 = {Yl -^iii2«ii«i2|0)Kl,^2 £ /} 

11,12 
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with the dimension dimT-l2 < l-^P- We assume that any state belonging to 7^2 is 
hnearly independent of the states in Tio 0^i- Generally, 

'Hn — {J2n-in ^h-in Oil • • • «in|0) I ^h-in £ C}, 

Hnnnm = {0}, n^m (3.2) 
dimHn < |/|". 
Hence,the full Fock-hke space H is 

^ = ^o0^i0^20--- = 0^n, neNo. (3.3) 

n 

Furthermore, we assume that the annihilation operators ai,i e / act on the space 
Tin in such a way that 

Oil ■ ■ ■ ai^dj^ ■ ■ ■ dj^\0) G Hn-k, n>k, (3.4) 

and this state is equal to zero if n < A;.Then,the total number operator N can be 
defined as 

NVn^ nVn, Vn & Hn, U G Nq. (3.5) 

Tin is an invariant subspace with respect to N.We call the states belonging to Tin 
n — particle states. The number of independent n-particle states is equal to dimTln 
and is connected with the problem of generalized statistics.We discuss this point at 
the end of this section. 

We also assume that there exist the number operators Ni,i e 7, for every species 
Namely, 

Ni{di^---diJ\Q) =El=iSn^{dn---diJ\Q), ii---i„e/, neN 

7Vi|0)=0, Vie/, 

(3.6) 

[Ni, aj] = 6ijai, [Ni, aj] = -S.^cii, 
9 



Hence the subspace 

'^n-i„ = { V(ii-i„)7r ■ {tti^ ■ ■ ■ aiJ\Q) \ii <i2 < • • ■ <in ^ 1} <^'H 

neSn 

is invariant with respect to N and 1-Li^...i^ fl 'Hj^...j^ = {0} if ik jk- 

Let us also remark that if we perform a mapping from the operators {oj, aj|i e /} 

to operators {a^ , a^ |j e /'} 

a'j = = (3-7) 

and repeat the same construction of the Fock-hke space 7i' under the vacuum state 
|0)' = |0),then,generally,the number operators Nj will not exist. 

Now,let us define the dual Fock-hke space Ti^'^^based on the dual vacuum-state 
vector (0 1, with the condition (0|0) = l.The construction of H^'''^ is the same as that 
for TY.Note that (0|a = 0,Vi e /. The dual n — particle states are 

(0| (a,, ■■■a,J e-hi^..,^ (3.8) 

We also have, as in Eq.(3.4), 

(0|(ajV--%„«n---«iJ e^i-fe n>k 

(3.9) 

(0| (oji ■ • • ajjii^ . . . = n<k. 
From the existence of the number operators A^j,Eq.(3.6),it follows that 

^lfUn^lf.,„ = {0}, tk^jk. (3.10) 

Note that ,so far, we have assumed no precise relation between the and czj opera- 
tors. 

Our next step is to construct the scalar product and define the norm of any 
vector in the Fock-hke space.Therefore,we construct a sesquilinear form < *, * >: 
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Ti'-'^-' X — > C.Namely,we need to calculate the matrix A with the matrix elements 

^ii-in-ji-j^ = (0|aii • ■ ■ tti^aj, ■ ■ ■ ajjO). (3.11) 

Prom Eq.(3.6),i-e. the existence of the number operators Ni,it follows that 

(i)^(j), (3.12) 

i.e.it vanishes unless n — m and the indices (ii • • • i„) and (ji • • ■ jm) are equal up to 
permutation. 

We can always choose 

(0|0) = 1, {Q\aiaj\Q) = 5ij (3.13) 

Prom the physical point of view,we need to know how to calculate any monomial 
P(ai, cbj) in Oj, CLj between vacuum states. Hence,in order to calculate all such matrix 
elements, it is sufficient to know the action of all annihilation operators on all 
Pock-hke states 

OiOii • • -aj^lO) e Hi^...yi..i^ C Hn-u (3.14) 

where the slash denotes the omission of the corresponding index (state) from the set 
ii • • • in- Hence,these relations are compatible with the number operators A^i,Eq.(3.6),if 
and only if 

n 

k=l ■'r&Sn,k 

^ E^l-.„;(n-i) (3.15) 

where {$} are complex coefficients, denotes the group of permutations acting 
on (ii • • • ^ • • • i„) and the slash denotes the omission of the corresponding operator 
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ajj.. The state in Eq.(3.15) is zero if the index i is different from any of the indices 
(ii • • • in)- The matrix element of any monomial in aj,aj is equal to zero if the indices 
in the monomial do not appear in pairs. For example, 

^n-in;ii-in = E(n-l) E(n-2) • • • El *(ii.-i„),(n-l)^(n-l),(n-2) ' ' ' ^(1),0 = l*^""^)! 

(3.16) 

is zero if (ji • • • j„) is not a permutation of (ii • • • i„) . This is a necessary and sufficient 
condition for the existence of the number operators Ni,\/i e /,in a given Fock-like 
representation. 

Prom Eq.(3.15),it is easy to see the action of any monomial P{ai, Uj) on any state in 
a Fock-like space, particularly the action of the operators^^ Tij = aiCij. Hence,using 
Eq.(3.15) we find the relation expressing a^aj in terms of normal ordering of operators 
a and a: 

+Ckj,ik^kajaiak + C^j^^flkajakai H 

oo 

= ^ij + • • • «r • • o)k{a • • • ai • • • a)fe, (3.17) 

k=i /"-I 

where any allowed monomial appearing on the RHS has the ajUi structure while the 
rest of operators appear in pairs of the same indices. Equations(3. 15) and Eq.(3.17) 
are completely equivalent. They represent the most general relations between the 
operators Oj, aj compatible with the number operators iVj,Eq.(3.6). Let us remark 
that using Eqs.(3.6) and (3.15) we can express the number operators as 

oo 

Ni = aitti + 51 H ^(...j...),(...i...)(a ■■■ai---a)k{a---ai---a)k (3.18) 

k=2 /"-I 
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and the transition number operators as 

[Nij, Ofe] = Sjkai, [Nij, Ofc] = -SikUj, Nij = N]^, 
Nij = dittj + ^Ji'..i...),(...j...)(a ■ ■ ■ ttj ■ ■ ■ a)fe (a ■ ■ ■ • • • a)k, (3.19) 

TVjj = OiOj + Efel2 E/n-i -D(ij...)_(...j-...)(a • • • • • • a)fc (a • • • • • • a)^. 

From the above equation for Nij we can obtain Eqs.(3.15) and (3. 17). Hence, the sets 
of quantities {$},{C} and {D} in Eqs.(3.15),(3.17) ,(3.18) are completely equiva- 
lent, as the set of quantities {</7j},{cj} and {dj} are equivalent for the single-mode 
oscillator. Note that the relation aa = '^{N) has no simple generalization for the 
multimode case. 

In this paper we restrict ourselves to those relations between the operators Oj, 
compatible with the number operators A^j,Eqs.(3.6). However there remains an 
interesting question, namely under which conditions the set of operators a^, Oj with 
the most general contractions ,Eq.(3.15), without number operators,can be obtained 
from the operators q, q with number operators (e.g. by mapping). 

In order that the constructed Fock-hke space should become physically accept- 
able, we have to define the norm of vectors and demand that any linear combination 
of vectors should have non-negative norms. Therefore ,we demand a well-defined 
scalar product on Fock-hke space.This will generally lead to additional restrictions 
on the coefficients {$},{C} and {D} .In principle,we have two possibilities. 

We can demand that should become Hermitian conjugate of the opera- 
tor, with respect to the scalar product < *, * >,i.e.aj = a^.In this case the block 
matrix A becomes Hermitian,with non-negative diagonal matrix elements,i.e. 
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We define the norm H^H of any vector 1^ > as 

\\v\\^ =< v\v > > \v>^0. (3.21) 

Hence, the non-negative norms of all vectors leads us to the semi-positivity of the 
matrix A in Eq. (3. 20). This means that the matrix A has no negative eigenval- 
ues. Particularly, any zero eigenvalue implies a null-vector (the state of zero norm) 
which implies a relation between monomials in the operators Oj. 
A general null- vector E is of the form 

^n--in,o--(ii-i„) -E'n--i„,(T-(ii-in) ~ 0- (3.22) 

Then ,the consistency conditions for null- vectors are 

E ^n....,..(n...„) K.^.....),n-J.-^ = 0' ^ (3-23) 

aeS„/St 

This means that any contraction of the operator aj with a null- vector is a null- vector. 
Hence, starting with general contractions ,Eq.(3.15),with = aj leading to the Her- 
mitian matrix A and positive diagonal elements (Eq.(3.20)), the positivity condition 
and consistency of null- vectors imply a strong restriction on the possible coefficients 
{$} (or {C} and {D}).Eq.(3.15) (or (3.17) or (3.18)) uniquely determines the matrix 
A, Eq. (3. 20). However, the reverse is not generally true, namely,even if the matrix A 
is Hermitian and positive definite this does not mean that the corresponding con- 
tractions (3.15) exist. An interesting question is whether the above conditions for 
the matrix A,Eqs.(3.20) and (3. 23), are also sufficient for the existence of relations 
between and a| of the type given in Eq.(3.15) or Eq.(3.17). 
The second interesting possibility is that ^ al,i e /. In this case there is no con- 
dition on the matrix A to be Hermitian and positive definite.Moreover,the matrix A 
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can have complex eigenvalues. Then, we perform a polar decomposition of the matrix 
A: 

A^U -H 

where 

C/.C/t = C/t.[/^l^ A-A^^H'^>0. 

U is a unitary matrix and H is a unique Hermitian,positive definite (non-negative) 
matrix. Now the problem is to find out in which cases the matrix A can lead to 
a relation between and aj of the type given by Eq.(3.15) or Eq.(3.17). In the 
following we restrict ourselves to the case Ui — al . 

Finally,let us briefly describe the connection of the spectrum of the matrix A 
(Eq.(3.11)) with generalized statistics, i.e. with the counting of allowed multiparticle 
states. As we have already stated,the appearance of null-vectors implies correspond- 
ing relations between monomials in Oj^If we fix the indices ii < 12 ■ ■ ■ < in ^ I 
with multiplicities mi,m2 ■ ■ - ms such that J2k=i'>T^k — n,then the number of linear 
independent states tt • (a|^ • • • aj^)|0) , tt G Sn/ St, is equal to 

n\ 

rank[A^i^...i^)fi^ed] < — j r r- (3.24) 

If we restrict the indices ii,i2 ■ ■ - in & Id C. /,where d denotes the number of single- 
mode oscillators, then the total number of n-particle excited states of d-oscillators is 
given by 

W{n, d, A) = rank[A^r.,d)] < d"". (3.25) 
For example,for d-Bose oscillators 

rank[A(^i^...i^)fi^ed] ^ WB{n,d)^ n\{d - 1)\ ' ^^'^^^ 
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For d-Fermi oscillators 

d\ 

rank[A,^i^...i^)fi^ed] = 0{2-mi)---9{2-ms), WF{n,d) = '_ (3.27) 

77/. I Ci Th j • 

where 9{x) is the step-function, i.e. 9{x) = l,x > and 9{x) = x < 0. 

For n quonic oscillators^^' which satisfy the relation ajc] — qijOjUi — Sij,\qij\ < 

l,qij e C 

rank[A^i^...i^)fi^ed] = . WQ{n,d) = d'^. (3.28) 

4. Algebras from Generalized Jordan- Wigner Trans- 
formations 



We assume that the number operators A^j,Eq.(3.6), exist and that 

aia] = Qij a]ai i ^ j q*j = qji (4.1) 

Furthermore, we assume that the algebra (4.1) can be obtained by mapping from the 
Bose algebra 

(4.2) 

[k, bj] = 0. 

Then,it follows that 



a.^ke^,-'"'^^, (4.3) 

where Cij are complex numbers and ipi{Ni) are arbitrary (complex) functions with 
the properties </?i(0) = 0, limg_>o = 1, |¥'i(l)| = 1, Vi e /. It is important to note 
that the number operators are preserved, i.e. 
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Then it is easy to find the corresponding deformed-oscillator algebra: 

(4-5) 

Generally, there are other mappings of the Bose algebra (Eqs. (4.2) ), but, in 
general, they do not have the number operators N^°'\ and Eq. (4.4) does not hold 
for mappings other than those in Eq. (4.3). 

We point out that the complete deformed-oscillator algebra is associative owing 
to the mapping of the Bose algebra. The Fock space for the deformed-oscillator alge- 
bra is spanned by powers of the creation operators af, i e /, acting on the vacuum 
|0 |0 |0 > . The states in the Fock space are specified by the eigenval- 

ues of the number operators Ni, namely \ni, n2, ...n^.... \ni, n2, ...n^.... >^^^. (If 

there exists a number nf^ e N, such that (pi{nl^^) = 0, then iVj = 0, 1, ...(n|°'' — 1).) 
The states with unit norm are 

[(f{n)]\ = <p{n)(f{n-l) 

(4.6) 

(^i(ni) = |(^j(nj)|e('="+^")"S 
where 9ij is the step function. (For anyons in (2 -|- 1) -dimensional space, 9 is the 

angle function.) 

Furthermore, the matrix elements of the operators ai,af, i e /, are 
< ....{ui - l)....\ai\....ni... >=< ...ni....\al\....{ni - 1).... >* 
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For any k = 0, 1, 2, .., we also find that 



ia,na-f = e-^^^-^"'"^'^^- (4-8) 

The norms of arbitrary hnear combinations of the states in Eq. (4.6) in the Fock 
space, corresponding to the deformed-oscillator algebra, are positive by definition 
owing to the mapping of the Bose algebra (Eqs. (4.2) and (4.3)). 
Namely, 712, ...n^.... ^2, ...n,.... >^^)= n2, ...rij.... >. 

This class of deformed multimode oscillator algebras comprises multimode 
Biedenharn-Macfarlaine , Aric-Coon , two-(p, q) parameter , Fermi, genons, general- 
ized Green's , as well as anyonic and Pusz-Woronowicz oscillators covariant under 
the SUq{n) {SUq{n\m)) algebra (superalgebra)'^'^'^'^ .Particularly, the operator alge- 
bra for the Haldane exclusion statistics^^ is a special case of our mapping,Eqs.(4.3) 
and (4. 5), with the substitutions 



Cij = {-)Cji = (-)^— T ^ < J, m e N; 



m.,,) = ^^^^i±i^ , = i. (4.9) 

(p{Ni,g) m 

Nonisomorphic (nonequivalent) algebras are classified by different matrix ele- 
ments given by (4.7), i.e. with the functions 5'i(ni, ^2, ...n^) = \ipi{ni)\e^i^'^''^~^'^^^^"'' . 
It is important to mention that there are mappings of the Bose algebra which do 
not preserve the relation A^/"^ = given by (4). Moreover, there are mappings 
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of Bose algebra for which the number operators N-; do not exist. Such an example 
is the exchange algebra presented in Ref. (19) 

5. Parabosons and parafermions 

The para-algebra is defined by the trilinear commutation relation^^ 

[ojoj + qa]ai, Uk]- = —qSjktti 

a^alal ■ ■■aljO) = ELi • • • • -^JO)- (5.1) 

-I EL2 Su, J:t=i\-qyal ■ ■ ■ 4,.A<,, • • • «l|0>. 
Here,p > is the order of parastatistics, g = — 1 for the para- Fermi algebra and 

g = -hi for the para-Bose algebra. 

Comparing with Eq. (3. 15), one identifies the set {$} as 

K-ir.,id-(il-U-ir^ = l<k<n, 

(5.2) 

^l■■in,.,u-^■^^^■■^^■■■^n) = I < I < k - 1, 

where 

/ k-2 k-l\ 
l+l k-1 I ) 

denotes the cyclic permutation and id denotes the identity permutation. 
The matrix A ,Eq.(3.11),for the three different para-oscillators is 



/I X X x'^ X^ Z \ 

X 1 X z x^ 

X 1 Z X x^ 

X^ X z 1 x"^ X 

X^ Z X X^ \ X 

\ Z X^ X^ X X 1 / 



X 



q^-q 



- 1) = qy, 



(5.3) 
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The matrix is written in the basis alalallO), alalallO), alalallO), alalallO), alalallO), 
and 03020! 1 0). 

By inspection of the eigensystem of the matrix A, Eq. (5. 3), one finds that the 
rank A = 4 for g = ±1 and Vp e N, which means that only four of the states are 
hnearly independent. This is in accordance with the trihnear relations which hold for 
parastatistics ^^,namely [a^, [aj„,a„]±] = 0. We choose the set a|a2a3|0), 02010310), 
oJolollO) and O3O20IIO) as linearly independent vectors. Instead of the 6x6 matrix 
A ,in the following we use the 4x4 matrix,corresponding to this set of vectors. 
In the limit p — > oo,the rank of A,Eq.(5.3), reduces to 1 for q = ±1, i.e. the matrix 
A reduces to Fermi (Bose) matrix for q — +1 (q=-l).Particularly,for the two-level 
system oJ,i = 1,2, Ref.(12), the matrix A, corresponding to the ojollO) and o^ol |0) 
states is 




For g = ±1, rank A = 2,Vp > 1, and again,in the limit p — > 00 the matrix A is 
of the Fermi (Bose) type for q — +1 (q=-l). 

For the states (o[)^O2|0) and o[o2o||0),the matrix A is 




1 + X X + x'^ 
X + x'^ 1 + z 



For q — -|-l,rank A = 2,Vp > 1. For q — — l,rank A = 2, p > 3 and rank A = 1 
if p = 1, 2. For para- Fermi case,when p — 2 there exist additional relation between 
operators, what was overlooked in the paper Ref.( 12). Similar statements hold for the 
matrix A corresponding to the states (ai)'^(a2)^|0))^ + s = n.As a consequence,the 
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para- Fermi (para-Bose) system behaves as Bose (Fermi) system when p — oo 
Next, we discuss the number operators for para-Bose and para-Fermi oscillators. 
Number operators Ni,i e 7, can be written as in Eq.(3.18).We have,up to the second 
order in the creation and annihilation operators (/c = 2 in Eq.(3.18)), 

Ni = aU + Y.[yu]^[yui (5-4) 

where Yn — aiai — x aiUi. 

In the second order, we identify the set {D} as 

ihii 4(p-l)' 4(p-l)' 4(p-l)' 

The computation of the terms of the higher order (fc > 3) becomes more in- 
volved. For example,the generic form of the third order term is 

For the parasystem, the summation is taken over those set of indices which are lin- 
early independent, owing to the constraint implied by trilinear relation 
K, [am, Onli] = 0. 

We illustrate the procedure by calculating the third order term for the A^i, i.e. for 

= {1, 2, 3}. The basic set of the X-operators is X = {X123, ^213, -^132, -^321}, which 
is solutions of the equation 



A-X^V 



(5.5) 



where 



V 



:i)v2 + {i){i-i)vs+(i)v, 




\ -g(^)S + (^)(^-l>3+(^)^6 ) 
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+1 para-Bose 
— 1 para- Fermi 



vi — alalal V2 — alalal — alalal vq = alalal (5.6) 
For the parabosons (q=+l;y = — 1)) one finds 

^123 = 7^ \ -[-{l + 3y + y^ + y^)vi + {y^ -y)v2 + {y + 2y^)v3 + {l + 2y)ve\ 

^213 = ^ / , — M - y)vi + 2v2 - yvz - vq] 
-2 + y + y^ 

Xi32 = -—-^—^[-{l + 2y)vi-yv2+iy + y^)vs + {l + y)ve] 

-^^321 — —-'^132 (5-7) 

y 

The corresponding operators X for the parafermions are obtained from the above 
equations by substitutions X123 =^ (-)^i23(-y, -^"1), ^213 =^ ^2i3(-y, -^'i),^i32 =^ 

Xl32{-y: -Vl), X32I =^ X32l{-y, -Vi). 

The operators X with some of the indices equal (e.g. ^i22,-'^2i2,-^iii etc.) follow 
from the Eq.(5.7) after the suitable identification of the indices. 



The transition number operators Nij,i,j e I, are given, up to the second order, by 

2 

To this order,we identify the set {D} as 

j^ij P' j^ij ^j^i _ P{P - 2) , _ {p - 2f 

^liJi 4(p-l) '^'^^ ^''^^ 4(p-l) '^'^^ 4(p-l) 
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Similarly as in the case of the number operator A^i,we compute the basic set of 
the third order operators X — {^123, ^213, X132, X321} for the transition number 
operator A^i2. These operators are the solutions of the equation 

A-X^V 



where 



V 



-{q + x)wi + x{q + x)w2 


x{q + x — l)wi + {l~q — X — qx^) W2 + qx Ws 



V 



{x — l){q + x) Wi 



I 



W2 = a\alai 
W3 = ala{a\ 



(5.9) 



W3 



Wi para-Bose 
2w2 — wi para-Fermi. 



For the parabosons {x = qy = — 1)) the result is: 



X 



123 



x^ + x-2 



[—3x wi + {1 + X + x'^) W2] 



^213 



1 



x"^ + X — 2 



[x^ Wi — X W2\ 



Xi32 — 



x^ + x-2 



[—2x Wi + {x + x^) W2] 



X32I — {—) -^132- 

X 



(5.10) 



For the parafermions {x = qy = — (^ — 1)) the result is: 



^123 — 



[(-5x^ + 2a; - 2) wi + {x^ + x^ + 3x) 102] 



X 



^ — x"^ — 2x 
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^213 = — Tiii^^ + 2) Wi - 3x W2] 



Xn2 = 2_ _J {'2x-2)wi + i-x'' + x-4)w2] 

X321 = 3_ \_ [{-2x^ + 2x-2)wi + {x^ -2x^ + 3x)w2] (5.11) 
X X ^x 



Again,the operators X with some of the indices equal (e.g. -'^l22,-'^2l2,-'^lll etc.) 
follow from the above result after the suitable identification of the indices. 

6. Paraquantization of Govorkov 

Govorkov^^ has defined a new para-algebra obeying 



[aia],ak\^ {^)8jkai (6.1) 
A " 

• • • • • • «llo > -(-) E ^^iAAz ■ ■ ■ • • • 4+1 • • • al„ 

f k=2 

Comparing with Eq. (3.15), one identifies the set $ as 



^ii...i„,id-{h..i^...in) ^f'^ 

= -i^)^n 2<k<n. (6.2) 
With restriction to the three oscillators {ik — 1,2,3), one immediately obtains 
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the matrix A as 



/ 1 

-y 



-y -y y'^ y'^ -y \ 

1 y'^ -y -y y"^ 



-y y 

y^ -y 



1 

-y 



z y y 
1 y' 



y 



y^ -y -y y"^ i -y 
\ -y y'^ y"^ -y -y i / 



where y — -. The matrix A is written in the same basis as the matrix A for the 
para-Bose (para- Fermi) oscillators in Eq. (5.3). 

The number operators A^^ can be written ,up to the second order (/c = 2 in Eq.(3.18)) 



as 



Ni = a\ai + 



where Yik = aittk + {^)akai. 



(6.3) 



To this order,we identify the set {D} as 

For the number operator N\ ({i,j, /} = {1,2,3}), the basic set of the third-order 
operators {ijl} = {1, 2, 3}, is X = {X123, ^213, ^132, ^231, ^312, X32i},which 

are the solutions of the equation 



A-X = V 



(6.4) 



V ^ 





V (^)V + (^)^^l + (^)^^5 + ^6 ) 
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and with Vi 's defined as vi = a\a2al,V2 = 020103,^3 = a\ala2,V4 = 020301,^5 

030102, and vq — O3O2O1. 

Explicitly, 

y[{y + 4y^)vi + 4y\2 + ^^ws + '^VVa + '2yv5 + vq] 



X123 — 



213 



1 - 57/2 + 4^4 

y[4ai'^vi + 2yv2 + 2|/f 3 + v - 4 + v - b + 2yvQ] 
1 - 5y2 + 4y4 



2y2^;^ + yV2 + yt;3 + (1 - 2y2)^;4 + 2y2^;5 + y^;g 

= l-5y' + V (6.5) 

The remaining three X's are obtained from the above equation by the substitu- 
tions V2 ^ V5,vi V3 and V4 ^ V6,i.e.Xi23 ^ -^^132, -^^213 ^ -^^312 and X231 X321. 
Notice that,for p > 2, there are six linearly independent X's since there are no 
trilinear constraint as in the case of the parastatistics. 

Transition number operators Nij are,up to the second order, 

= ala, + ^ _ T.[yiiny^i (e-e) 

and the coefficients {D} are 



li,jl 



z . n*-? = n« = (11) z . n'-? = (llY 



The basic set of the third-order operators X for the transition number operator A'"i2 
are 



-^^123 — -^^213(1 = 2) -^^213 — -^^123(1 = 2) -^^132 — -^^231(1 = 2) 

-^^231 — -^^132(1 = 2) ^312 = -^^321(1 = 2) ^321 = -^^312(1 = 2) 
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Here,the abbreviations,e.g. X2i3(l = 2), mean that one has to identify indices 1 and 
2 in ViS such that vi — V2 — aialaljVa — — alalal and — vq — asojaj and 
than read off X's from Eq.(6.5). 



(7.1) 



7. Generalized Quon Algebra 

The general (associative) quon algebra Ref.(16) is defined by: 

• • • «lj|0 >= Ea=i qih ■ ■ ■ Qiic-idl • • • 4„ • • • aljiiJ*^ > ■ 
No commutation relation between Oj and aj exists if \qij\ 7^ 1 for Vi, j e / . 
One identifies the set $ as 

a-l 

K■■■^u,^d■(^^■■U■■■^u) = 11 ^Ik, I < a < U. (7.2) 

k=l 

The matrix A is hermitian and block-diagonal. A generic block ' is charac- 
terizied by mutually different ordered indices ii, . . . i„ e / (ii < i2 < • • • < in) from 
which all other blocks in the n-particle sector can be obtained using a suitable spec- 
ification. The '•••'") matrix is an n\ ■ n\ matrix, whose diagonal matrix elements 
are equal to 1. The arbitrary matrix element (vr, a), i.e.,i^(i), ■ ■ ■ ^(n); V(i) ■ ■ ■ ia(n), 
where tt and a are permutations acting on positions 1,2. . .n (tt denotes the row 
and a the column of the matrix >•••««)) jg given by 



a,/3 
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Here the product is over all pairs a, (3 = 1, . . . ,n satisfying n ^(a) < n ^{P) and 
The general simple structure of the number operator Nk ( |% | < G S) is 



N, = aW + E E E \yk,n(,.,....Jyk,.,....niA^^^^^^ (7.4) 

n=l ii,...,i„ 7re5n 

where 

and A is matrix given in Eq.(7.3). 

Always when the parameters qij tend to 1, i.e., qij — > 1, for Vi,j, quons tend to 
a particular anyonic-type statistics, the matrices become singular and 

the coefficients in the number operator, Eq.(7.4), diverge. Nevertheless, the number 
operator Nj^, when acting on states, is well defined. Moreover, in the exact limit it 
reduces to = aj-dk, and additional relations between the annihilation (creation) 
operators Oj, Oj {aj, a]) emerge. In this case, the corresponding particles are not dis- 
tinguishable, i.e., they are identical in the quantum-mechanical sense. Interchanging 
them, we generally obtain a unit phase factor e*" (typical of anyons). 
The transition number operator Nij has also simple structure: 

oo 

Nij = a^aj + E E E [^hi,---,iJ^^j,T^ii,---,in{^'''''''^''''''^^^ (7-5) 

n=l ii,...,i„ TT&Sn 

where 

^ki — ^l^i ~ Q.ikO-iO-1 = (Xki) {au-^ai} 
^kii,...,i„ = 0^kii,...,i„) {ak-^ai} 
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8. Conclusion 



In this paper we have generahzed our previous analysis of single-mode oscillators^ to 
multimode oscillator algebras with Fock-like representations.We have extended the 
quantization defined by a^a] — Rij^kio^kCii = Sij,i,j e / to include all normally ordered 
terms in creation and annihilation operators.We have restricted ourselves to the 
algebras with well-defined number operators and transition number operators. In this 
way we have unified all approaches to multimode oscillator algebras ^~^°'^^~^^.The 
connection between these algebras and generalized statistics has been pointed out. 
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